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Abstract. We study the defocusing nonlinear Schro¨dinger equation in the
quarter plane with asymptotically periodic boundary values. By studying
an associated Riemann–Hilbert problem and employing nonlinear steepest
descent arguments, we construct solutions in a sector close to the boundary
whose leading behaviour is described by a single exponential plane wave.
Furthermore, we compute the subleading terms in the long time asymptotics
of the constructed solutions.
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1. Introduction
An effective way of computing the long time asymptotics of solutions of in-
tegrable nonlinear PDEs is given by analyzing a related Riemann–Hilbert (RH)
problem with the help of the nonlinear steepest descent method introduced by
Deift and Zhou in [9]. In this way the long time asymptotics of the solutions for
initial boundary value problems on the half-line have been derived for several
equations, provided that the Dirichlet and Neumann boundary values decay as
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2 CONSTRUCTION OF SOLUTIONS OF THE DEFOCUSING NLS EQUATION
t→∞ (see for example [3] and [10, 13] for the KdV and NLS equation, respec-
tively).
In the case of non-decaying boundary values with respect to t → ∞, much
less is known. One reason for this is that in this case the Riemann–Hilbert
approach is generally harder to apply, because not all boundary data necessary
for a well-posed problem are known [12].
A special case of non-decaying boundary data, especially important from the
standpoint applications, is given by asymptotically time-periodic boundary con-
ditions [2, 8, 22].
In this paper we consider boundary data whose leading order long time be-
haviour is described by a single exponential. More precisely, we consider the
defocusing nonlinear Schro¨dinger (NLS) equation
iut + uxx − 2|u|2u = 0 (1.1)
in the quarter plane {(x, t) ∈ R2 |x ≥ 0, t ≥ 0} with boundary values of the
form
u(0, t) ∼ αeiωt, ux(0, t) ∼ ceiωt, t→∞, (1.2)
where α > 0, ω ∈ R, and c ∈ C are three parameters.
Boundary values of the type (1.2) for the focusing NLS equation
iut + uxx + 2|u|2u = 0 (1.3)
have been studied by Boutet de Monvel and coauthors [4–8]. They showed that
there exists a solution of the focusing NLS equation (1.3) in the quarter plane
with boundary values of the form (1.2) and with decay as x→∞ if and only if
the parameters (α, ω, c) satisfy either
c = ±α
√
ω − α2 and ω ≥ α2 (1.4)
or
c = iα
√
|ω|+ 2α2 and ω ≤ −6α2. (1.5)
Using the Deift–Zhou nonlinear steepest descent method they were also able to
determine the leading order asymptotics of any such solution. In particular, in
[4] it was shown that in the case ω < −6α2, the quarter plane {x > 0, t > 0}
is divided into three asymptotic sectors: A plane wave sector {0 ≤ x/(4t) <
β˜ − α√2} (where β˜ = √α2/2− ω/4), an elliptic wave sector {β˜ − α√2 <
x/(4t) < β˜}, and a Zakharov-Manakov sector {β˜ < x/t}. In the plane wave
sector, the solution u approaches the plane wave
(x, t) 7→ αe2iβ˜x+iωt.
This behaviour is expected since the sector lies near the boundary. In the el-
liptic wave and Zakharov-Manakov sectors the asymptotics are described by a
modulated elliptic wave and Zakharov-Manakov type formulas, respectively.
The defocusing case has been studied by Lenells [18] and Fokas and Lenells
[23, 24]. As in the focusing case, in [18] necessary conditions on the parameter
triple (α, ω, c) for the existence of a solution of (1.1) with boundary values of
the type (1.2) were derived. However, in the defocusing case this leads to five
different families of triples. Two of these families are analogous to the two sets of
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triples (1.4) and (1.5). The family corresponding to (1.5) is given by the family
(cf. (2.4) of [18]){(
α, ω, c = iα
√
−2α2 − ω
) ∣∣∣∣α > 0, ω < −3α2}. (1.6)
To motivate the results of this paper, let us recall that the unified transform
method, also known as the Fokas method, expresses the solution of the initial
boundary value problem for the defocusing NLS equation (1.1) on the half-line
with vanishing boundary condition at x =∞ in terms of the solution of a 2× 2-
matrix valued RH problem [11–13]. This RH problem is formulated in terms
of spectral functions r1(k) and h(k), which in turn are defined in terms of the
initial and boundary values. One can also construct solutions of (1.1) by solving
the RH problem for independent spectral data r1(k) and h(k), assuming that
these functions satisfy certain conditions. Thus, a natural question to ask in this
situation is: What conditions need to be imposed on r1(k) and h(k) in order for
the corresponding RH problem to give rise to a solution of (1.1) on the half-line
with asymptotically time-periodic boundary values? This question is also of
interest with respect to the results presented in [18] as outlined above: Are the
conditions on the parameter triple (α, ω, c) given by (1.6) also sufficient for the
existence of a solution of (1.1) with decay as x→∞ and with boundary values
satisfying (1.2)? The aim of the work at hand is to take first steps towards
answering these questions.
We will show that for any triple from the family (1.6), we may construct
solutions of (1.1) with boundary values satisfying (1.2), at least in a sector close
to the boundary . More precisely, we will provide a class of independent spectral
data r1(k) and h(k) which gives rise to solutions of (1.1) in the plane wave sector
{0 ≤ x
t
< 4β − 2α − δ} for δ > 0 small and t large, and which have boundary
values of the form (1.2). Furthermore, we will compute the first two terms in
the long time asymptotics of the constructed solutions and their x-derivatives.
The proof is based on the Riemann–Hilbert approach and combines the uni-
form transform method for nonlinear integrable PDEs introduced by Fokas [11]
with the nonlinear steepest descent method introduced by Deift and Zhou [9].
First, we will transform the associated RH problem, containing the spectral data
r1(k) and h(k), into a small norm RH problem, which can be solved for large t in
the plane wave sector via a Neumann series. Using ideas based on the dressing
method [26, 27], it can be shown that the solutions of the original RH problem
leads to a solution u of (1.1). Finally, by studying the asymptotics of the solu-
tion of the associated RH problem, we compute the asymptotics of the solution
u and its x-derivative ux.
A crucial step in the proof is the construction of analytic approximations of
the spectral functions defined on the jump contour. Our construction of such
approximations is based on the original approach of [9]; however, since one of
the spectral functions has singularities on the jump contour, the construction of
an analytic approximation of this function requires some novel ideas.
Acknowledgement. The author thanks Jonatan Lenells for helpful discus-
sions. Support is acknowledged from the European Research Council, Grant
Agreement No. 682537.
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Figure 1. The contour Γ and the domains Dj, j = 1, 2, 3, 4, in the complex
k-plane.
2. Notation
The family (1.6) can be written as (let K → β in Section 5.3 in [18]){(
α =
√
|ω|
2
− 2β2, ω, c = 2iαβ
) ∣∣∣∣− 12β2 < ω < −4β2, β > 0}. (2.1)
For a given parameter triple (α, ω, c) belonging to the family (2.1) and the
associated parameter β =
√|ω|/4− α2/2, define a function Ω(k) by
Ω(k) = 2(k − β)X(k), k ∈ C \ [E1, E2],
where
X(k) =
√
(k − E1)(k − E2), E1 = −β − α, E2 = −β + α,
with a branch cut along [E1, E2] and the branch of the square root being choosen
such that
X(k) =
√
(k + β)2 − α2 = k + β +O(k−1), k →∞.
Similarly, define a function ∆(k) by
∆(k) =
(
k − E2
k − E1
)1/4
, k ∈ C\[E1, E2], (2.2)
with the branch being chosen such that ∆(k) = 1 + O(k−1) as k → ∞. We
orient the interval [E1, E2], viewed as a contour in the complex plane, from left
to right and denote by ∆+(s) and ∆−(s) for s ∈ (E1, E2) the boundary values
of the function ∆ from the left and right, respectively. Similar notation is used
for other functions.
Define domains Dj ⊆ C, j = 1, 2, 3, 4, by (see Figure 1)
D1 = {k ∈ C | Im k > 0, Im Ω(k) > 0}, D2 = {k ∈ C | Im k > 0, Im Ω(k) < 0},
D3 = {k ∈ C | Im k < 0, Im Ω(k) > 0}, D4 = {k ∈ C | Im k < 0, Im Ω(k) < 0},
and let Γ = R∪(D¯1∩D¯2)∪(D¯3∩D¯4) denote the contour separating the domains
Dj oriented as in Figure 1. For complex functions r(k), r1(k) and h(k), defined
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on appropriate parts of Γ, and x, t > 0 define a jump matrix v(x, t, k) for k ∈ Γ
by
v(x, t, k) =

(
1− |r1(k)|2 r1(k)e−2i(kx+2k2t)
−r1(k)e2i(kx+2k2t) 1
)
, k ∈ D¯1 ∩ D¯4,(
1 0
−h(k)e2i(kx+2k2t) 1
)
, k ∈ D¯1 ∩ D¯2,(
1− |r(k)|2 r(k)e−2i(kx+2k2t)
−r(k)e2i(kx+2k2t) 1
)
, k ∈ D¯2 ∩ D¯3,(
1 h(k¯)e−2i(kx+2k
2t)
0 1
)
, k ∈ D¯3 ∩ D¯4.
(2.3)
Put ζ := x/t. For 0 ≤ ζ < 4β − 2α define real numbers κ+ and k0 by
k0 ≡ k0(ζ) = −4β + ζ
8
+
√
α2
2
+
(4β − ζ
8
)2
,
κ+ =
4⋂
j=1
D¯j = k0(0) = −β
2
+
√
α2
2
+
β2
4
.
(2.4)
Finally, let us introduce some general notation, not specific to our problem.
Given an open connected set D ⊆ C bounded by a piecewise smooth curve
∂D ⊆ C ∪ {∞}, we say that an analytic function f : D → C belongs to the
Smirnoff class E˙2(D) if there exist piecewise smooth curves {Cn}∞n=1 inD tending
to ∂D in the sense that Cn eventually surrounds each compact subdomain of D
and such that
sup
n≥1
∫
Cn
|f(z)|2|dz| <∞.
In the case that D = D1∪· · ·∪Dm is a finite union of such open subsets, E˙2(D)
denotes the space of all functions f : D → C satisfying f |Dj ∈ E˙2(Dj) for each
j. The space of bounded analytic functions on D is denoted by E∞(D).
For a piecewise smooth contour Σ in C ∪ {∞} and real numbers a < b, we
say that the sector Wa,b = {k ∈ C | a ≤ arg k ≤ b} defines a nontangential
sector at ∞ with respect to the contour Σ, if there exists a δ > 0 such that
{a− δ ≤ arg k ≤ b+ δ} does not intersect Σ∩{|k| > R} for R > 0 large enough.
We say that a function f of k ∈ C \Σ has nontangential limit L at ∞, denoted
by
∠
lim
k→∞
f(k) = L,
if limk→∞,k∈Wa,b f(k) = L for every nontangential sector Wa,b at ∞.
Lastly, we let C > 0 denote a generic constant which may change within a
computation.
3. Main Result
Before stating our main result we introduce the assumptions under which the
result is valid. For reasons of clarity, the assumptions are split up into two parts.
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The first part of our assumptions is somewhat standard in this context, in the
sense that spectral data originating from a solution of (1.1) typically satisfies
these assumptions if the initial and boundary data have sufficient smoothness
and decay and are compatible [12, 13, 15, 19]. In particular, the so called global
relation typically implies part (e) of the assumptions below.
Assumption 3.1. Suppose that r1 : R → C and h : D¯2 → C are continuous
functions satisfying the following properties:
(a) h is analytic in D2 and h ∈ C6(D¯1 ∩ D¯2).
(b) r1 ∈ C6((E2,∞)).
(c) The continuous function r : (−∞, κ+]→ C defined by r(k) = r1(k) +h(k) is
C3 on (−∞, E1) ∪ (E1, E2) and C6 on (E2, κ+].
(d) |r| < 1 on (−∞, κ+] \ [E1, E2].
(e) It holds that r(κ+) = 0.
(f) There exist constants hj ∈ C, j = 1, 2, 3, 4, such that
dn
dkn
h(k) =
dn
dkn
(
4∑
j=1
hj
kj
)
+O(k−5−n), k →∞, k ∈ D¯2, (3.1)
and
dn
dkn
r1(k) =
dn
dkn
(
4∑
j=1
−hj
kj
)
+O(k−5−n), |k| → ∞, k ∈ R, (3.2)
for n = 0, 1, 2.
Remark 3.2. Note that (3.1) and (3.2) imply
dn
dkn
r(k) = O(k−5−n), k → −∞, k ∈ R. (3.3)
In order to motivate the second part of our assumptions, we recall that our
goal is to construct solutions approaching the background plane wave solution
ub(x, t) of (1.1) defined by
ub(x, t) = αe2iβx+iωt. (3.4)
This problem bears similarities to shock problems for the defocusing NLS on the
whole line, see for instance [17]. In view of the spectral data found in [17] and
the spectral data appearing for the analogous problem for the focusing NLS [4]
(the latter having a single cut in the complex plane), we choose our data near
the branch cut to resemble the boundary values rb+(k) for k ∈ R of the function
rb(k) defined by
rb(k) = i
∆(k)−∆−1(k)
∆(k) + ∆−1(k)
, k ∈ C \ [E1, E2], (3.5)
where ∆ is defined by (2.2). The function rb has a single cut from E1 to E2 with
|rb+| = 1 on [E1, E2], rb+(Ej) ∈ {±i}, j = 1, 2, and rb+(k) behaves like a square
root as k approaches one of the branch points E1 and E2. The assumptions below
capture this behaviour. For a more technical motivation we refer to Remark 3.9.
Assumption 3.3 (Assumptions near the branch cut). Suppose that the function
r : (−∞, κ+]→ C defined in Assumption 3.1 (c) satisfies:
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t
T
S
x
ζ = 4β − 2α
Figure 2. The sector S in which Theorem 3.5 applies is shaded.
(a) |r| = 1 on [E1, E2].
(b) r 6= ±i on (E1, E2), r(E1) ∈ {±i}, and r(E2) ∈ {±i}.
(c) Near the branch points the function r admits series expansions of the form
r(k) =

i
(∑7
l=0 q2,l(k − E2)l/2
)
+O((k − E2)4), k ↓ E2,
i
(∑7
l=0 i
lq2,l(E2 − k)l/2
)
+O((E2 − k)4), k ↑ E2,
i
(∑7
l=0 i
lq1,l(k − E1)l/2
)
+O((k − E1)4), k ↓ E1,
i
(∑7
l=0(−1)lq1,l(E1 − k)l/2
)
+O((E1 − k)4), k ↑ E1,
(3.6)
where qi,l are real coefficients with qi,1 6= 0 and the expansions in (3.6) can
be differentiated termwise three times.
Remark 3.4. We note that Assumption 3.1 (d), Assumption 3.3 (a) and As-
sumption 3.3 (b) pose additional conditions on the coefficients qi,l. In particular,
it follows that
qi,0 ∈ {±1}, (−1)iqi,0qi,1 < 0, 2qi,0qi,2 = q2i,1, i = 1, 2. (3.7)
Our main result reads as follows. The sector in question is displayed in Figure
2.
Theorem 3.5. Assume that the parameter triple (α, ω, c) belongs to the family
(2.1). Let r1, h, and r = r1 +h be functions satisfying Assumptions 3.1 and 3.3.
(a) For each c0 ∈ (0, 4β − 2α) there exists a time T > 0 such that the L2-RH
problem {
m(x, t, ·) ∈ I + E˙2(C \ Γ),
m+(x, t, k) = m−(x, t, k)v(x, t, k) for a.e. k ∈ Γ,
(3.8)
where the jump matrix v is defined by (2.3), has a unique solution for each
(x, t) ∈ S := {0 ≤ x
t
≤ c0} ∩ {t ≥ T}.
(b) The nontangential limit
u(x, t) = −2iD(0,∞)2
∠
lim
k→∞
(km(x, t, k))12 (3.9)
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exists for each (x, t) ∈ S and the function u : S → C defined by (3.9) is
C2 in x and C1 in t and satisfies (1.1) for (x, t) ∈ S. Here D(0,∞) is a
constant of absolute value 1 given by
D(0,∞) = e− 12pii
{( ∫ E1
−∞+
∫ κ+
E2
)
ln(1−|r(s)|2)
X(s)
ds+
∫ E2
E1
i arg(r(s))
X+(s)
ds
}
(3.10)
where arg(r) is continuous on [E1, E2] and arg(r(E2)) ∈ (−pi, pi].
(c) The x-derivative of u is given by
ux(x, t) = −D(0,∞)2
∠
lim
k→∞
(
4k2m12(x, t, k) + 2iu(x, t)km22(x, t, k)
)
(3.11)
for (x, t) ∈ S.
(d) As t → ∞, the following asymptotic expansions are valid uniformly for
ζ ∈ [0, c0]:
u(x, t) = e−
1
pii
∫ κ+
k0
ln(1−|r(s)|2)
X(s)
dsαe2iβx+iωt +
ua(x, t)√
t
+O
(
ln t
t
)
,
ux(x, t) = 2ie
− 1
pii
∫ κ+
k0
ln(1−|r(s)|2)
X(s)
dsαβe2iβx+iωt +
ub(x, t)√
t
+O
(
ln t
t
)
.
(3.12)
The subleading coefficients ua and ub are given explicitly by
ua(x, t) = e
2iβx+iωte−
1
pii
∫ κ+
k0
ln(1−|r(s)|2)
X(s)
ds
(
it−iνβXk0(∆(k0)
2 + 1)2
2e2itg(k0)∆(k0)2ψ(k0)1+2iνDb(k0)−2
+
itiνβXk0(∆(k0)
2 − 1)2
2e−2itg(k0)∆(k0)2ψ(k0)1−2iνDb(k0)2
)
and
ub(x, t) = e
2iβx+iωte−
1
pii
∫ κ+
k0
ln(1−|r(s)|2)
X(s)
ds
(
t−iνβXk0
(
−2α2
k0−E1 + k0(∆(k0)
2 + 1)2
)
e2itg(k0)∆(k0)2ψ(k0)1+2iνDb(k0)−2
+
tiνβXk0
(
−2α2
k0−E1 + k0(∆(k0)
2 − 1)2
)
e−2itg(k0)∆(k0)2ψ(k0)1−2iνDb(k0)2
)
,
where ∆ is defined by (2.2) and g(k0), ν, β
X
k0
, ψ(k0) and Db(k0) are functions
of ζ ∈ [0, c0] defined by
g(k0) = (2k0 − 2β + ζ)X(k0), ν = − 1
2pi
ln(1− |r(k0)|2),
βXk0 =
√
νei(
3pi
4
−arg(−r(k0))+arg Γ(iν)), ψ(k0) =
2
√
2
(
α2
2
+
(
4β−ζ
8
)2)1/4√
X(k0)
,
Db(k0) = lim
z→k0,z>k0
[
(z − k0)−iνe
X(z)
2pii
{( ∫ E1
−∞+
∫ k0
E2
)
ln(1−|r(s)|2)
X(s)(s−z) ds+
∫ E2
E1
i arg(r(s))
X+(s)(s−z)ds
}]
.
Before proving Theorem 3.5 we will make a series of remarks as well as provide
a class of spectral functions satisfying our assumptions.
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Remark 3.6 (Behaviour on the Boundary). For x = 0 we have k0(0) = κ+.
Thus the exponential factor e−
1
pii
∫ κ+
k0
ln(1−|r(s)|2)
X(s)
ds appearing in the leading terms of
the asymptotic expansions of u and ux is equal to 1. Furthermore, Assumption
3.1 (e) states that r(κ+) = 0 which implies ν = 0 and β
X
k0
= 0 for x = 0. Hence
the subleading terms ua and ub in the asymptotic expansions of u and ux vanish
for x = 0. In conclusion, on the boundary x = 0, the expansions (3.12) read as
u(0, t) = αeiωt +O
(
ln t
t
)
and ux(0, t) = 2iαβe
iωt +O
(
ln t
t
)
. Thus, since c = 2iαβ
(cf. (2.1)), the boundary values of u indeed satisfy (1.2).
Remark 3.7. Instead of using formula (3.11), the asymptotics of ux can alter-
natively be computed by differentiating (3.9), see Remark 7.2.
Remark 3.8. The assumptions on r on the branch cut imply that we can always
choose arg as stated in part (b) of Theorem 3.5. Furthermore, since
− 1
2pii
∫ E2
E1
2pii
X+(s)
ds = ipi,
a different choice of the branch of arg changes the sign of D(0,∞) but does not
affect the final result.
Remark 3.9 (Derivation of the Model Data). The goal of this paper is to con-
struct solutions of (1.1) with boundary values of the form (1.2) and decay as
x→∞, using the Riemann–Hilbert approach. To find a candidate for the spec-
tral data let us consider a particular set of initial and boundary data: Assume
that our solution u coincides with the background solution ub (cf. (3.4)) on the
boundary and let us assume that u(x, 0) = 0 for x > 0. The uniform transform
method [11, 12] then leads to a Riemann–Hilbert problem with jumps along Γ
and a jump matrix vb given by
vb(x, t, k) =

(
1− |rb1(k)|2 rb1(k)e−2i(kx+2k2t)
−rb1(k)e2i(kx+2k2t) 1
)
, k ∈ D¯1 ∩ D¯4,(
1 0
−hb(k)e2i(kx+2k2t) 1
)
, k ∈ D¯1 ∩ D¯2,(
1− |rb+(k)|2 rb+(k)e−2i(kx+2k2t)
−rb+(k)e2i(kx+2k2t) 1
)
, k ∈ D¯2 ∩ D¯3,(
1 hb(k¯)e−2i(kx+2k
2t)
0 1
)
, k ∈ D¯3 ∩ D¯4,
(3.13)
with rb1 = 0 and h
b = rb, where rb is given by (3.5) (see also [23]). This jump
matrix is similar to the one given in Theorem 3.5. Furthermore, the function rb+
satisfies Assumption 3.3 as well as Assumption 3.1 (c) and (d). However, rb+(k)
behaves like 1
k
as k → ∞. This is expected since the initial and boundary data
are not compatible at 0. In order to ensure that the solutions generated by our
assumptions have the desired regularity, we thus modify the spectral data rb+, r
b
1
and hb appearing in vb such that rb+ has enough decay at infinity (cf. (3.3)) and
such that it vanishes at κ+.
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Remark 3.10 (Construction of Admissible Data). We will give an example of
independent spectral data satisfying Assumptions 3.1 and 3.3. Note that the RH
problem with jump matrix vb (cf. (3.13)) is equivalent (after a simple transfor-
mation) to the RH problem with jump matrix vb but with rb1 = 0 and h
b = rb
replaced by rb1 = τr
b and hb = (1− τ)rb for fixed τ ∈ [0, 1]. Now let r∞ : R→ C
be a smooth function such that r∞ has the same asymptotic behaviour as rb at∞
up to and including order 4, r∞(κ+) = rb(κ+), r∞ vanishes in a neighbourhood
of [E1, E2] and such that |r − r∞| < 1 on (−∞, κ+] \ [E1, E2]. Then the data
h = τrb and r1 = (1 − τ)rb − r∞ satisfy Assumptions 3.1 and 3.3 for every
τ ∈ [0, 1].
The proof of Theorem 3.5 is divided into two parts. In the first part, we show
using the steepest descent analysis that the RH problem (3.8) has a solution
and that the limit (3.9) exists. Moreover, we will derive the asymptotics of this
solution from which the long time asymptotics of u and ux follow. In the second
part, we will then show that the function u defined by (3.9) is indeed a solution
of (1.1) by applying the dressing type arguments [26, 27].
4. Transformations of the Riemann–Hilbert problem
Suppose the triple (α, ω, c) belongs to the family (2.1) and suppose that r1,
h and r = r1 + h are functions satisfying Assumption 3.1 and 3.3. Suppose
furthermore that c0 ∈ (0, 4β − 2α) is given.
In order to show existence as well as determine the long time asymptotics of
the solution m of the RH problem (3.8), we will transform the RH problem into
a small norm RH problem. Starting with m we will define functions m(j)(x, t, k),
j = 1, 2, 3, 4, such that each m(j) is analytic in C \ Γ(j) and satisfies the jump
condition
m
(j)
+ (x, t, k) = m
(j)
− (x, t, k)v
(j)(x, t, k) for a.e. k ∈ Γ(j), (4.1)
where the contours Γ(j) and jump matrices v(j) are specified below.
4.1. First transformation. Our first step is to introduce a g-function in order
to normalize the oscillatory and exponentially large factors in the jump matrix.
Since our goal is to construct solutions approaching the background plane wave
solution ub(x, t) defined in (3.4), we choose (cf. equation (5.8) in [4])
g(k) ≡ g(ζ, k) = Ω(k) + ζX(k) = (2k − 2β + ζ)X(k). (4.2)
The differential
dg(k) =
(4k + ζ)(β + k)− 2α2
X(k)
dk
can be written as
dg(k) = 4
(k − k1)(k − k0)
X(k)
dk, (4.3)
where the zeros ki ≡ ki(ζ) ∈ R, i = 0, 1, are located at
k0 = −4β + ζ
8
+
√
α2
2
+
(4β − ζ
8
)2
, k1 = −4β + ζ
8
−
√
α2
2
+
(4β − ζ
8
)2
.
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E1 E2 κ+k0
Im g < 0
Im g < 0Im g > 0
Im g > 0
Figure 3. The signature table of Im g for 0 ≤ ζ < 4β − 2α. The region where
Im g < 0 is shaded. The solid line represents the level set where Im g = 0.
For ζ = 0, we have
E1 < k1 < E2 < κ+ = k0.
As ζ increases, k0 moves to the left until it hits E2 for ζ = 4β − 2α. This
determines the right boundary of the plane wave sector.
The signature table of Im g for 0 ≤ ζ < 4β − 2α is shown in Figure 3. The
non-horizontal branch of the level set where Im g = 0 asymptotes to the vertical
line Re k = −ζ/4.
Lemma 4.1. Let 0 ≤ ζ < 4β − 2α. The function g(k) defined in (4.2) has the
following properties:
(a) g(k)− 2k2− ζk is an analytic and bounded function of k ∈ C \ [E1, E2] with
continuous boundary values on (E1, E2).
(b) g(k) obeys the symmetry
g(k) = g(k¯), k ∈ C \ [E1, E2]. (4.4)
(c) g(k) satisfies the jump condition
g+(k) + g−(k) = 0, k ∈ [E1, E2]. (4.5)
(d) g(k) satisfies
g(k) = 2k2 + ζk + g∞(ζ) +O(k−1), k →∞,
where
g∞(ζ) = βζ − α2 − 2β2. (4.6)
Now define m(1)(x, t, k) by
m(1)(x, t, k) = e−itg∞(ζ)σ3m(x, t, k)eit(g(k)−2k
2−ζk)σ3 .
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Γ(2)
E1 E2 κ+k0
2
4
1
2
4
3 35 1
Figure 4. The contour Γ(2) in the complex k-plane.
Then m(1) satisfies the jump condition (4.1) with j = 1, where Γ(1) = Γ and the
jump matrix v(1) is given by
v(1)(x, t, k) = e−it(g−(k)−2k
2−ζk)σ3v(x, t, k)eit(g+(k)−2k
2−ζk)σ3 .
Using (4.5) as well as the assumption that |r| = 1 on [E1, E2], we find
v
(1)
1 =
(
1− |r1(k)|2 r1(k)e−2itg(k)
−r1(k)e2itg(k) 1
)
, v
(1)
2 =
(
1 0
−h(k)e2itg(k) 1
)
,
v
(1)
3 =
(
1− |r(k)|2 r(k)e−2itg(k)
−r(k)e2itg(k) 1
)
, v
(1)
4 =
(
1 h(k¯)e−2itg(k)
0 1
)
,
v
(1)
5 =
(
0 r(k)
−r(k) e−2itg+(k)
)
,
where v
(1)
j for j ∈ {1, 2, 3, 4, 5} denotes the restriction of v(1) to the subcontour
of Γ(1) = Γ labeled by j in Figure 1.
4.2. Second transformation. The purpose of the second transformation is
to deform the non-horizontal part of the contour Γ = Γ(1) so that it passes
through the critical point k0. The new contour Γ
(2) is shown in Figure 4. Define
m(2)(x, t, k) by
m(2) = m(1)H2,
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Re k
E1 E2
κ+k0
V1
V2
Figure 5. The open subsets V1 and V2 of the complex k-plane.
where
H2(ζ, k) =

(
1 0
h(k)e2itg(k) 1
)
, k ∈ V1,(
1 h(k¯)e−2itg(k)
0 1
)
, k ∈ V2,
I, elsewhere,
with the domains V1 and V2 given as in Figure 5. Then m
(2) satisfies the jump
condition (4.1) with j = 2, where the jump v(2) across Γ(2) is given by
v
(2)
1 =
(
1− |r1(k)|2 r1(k)e−2itg(k)
−r1(k)e2itg(k) 1
)
, v
(2)
2 =
(
1 0
−h(k)e2itg(k) 1
)
,
v
(2)
3 =
(
1− |r(k)|2 r(k)e−2itg(k)
−r(k)e2itg(k) 1
)
, v
(2)
4 =
(
1 h(k¯)e−2itg(k)
0 1
)
,
v
(2)
5 =
(
0 r(k)
−r(k) e−2itg+(k)
)
,
and the subscripts refer to Figure 4. To find v
(2)
10 we have used that r = r1 + h
on (−∞, κ+].
4.3. Third transformation. The jump matrix v
(2)
3 has the wrong factorization.
Hence we introduce m(3)(x, t, k) by
m(3) = D(ζ,∞)σ3m(2)D(ζ, k)−σ3 ,
where
D(ζ,∞) = e− 12pii
{( ∫ E1
−∞+
∫ k0
E2
)
ln(1−|r(s)|2)
X(s)
ds+
∫ E2
E1
i arg(r(s))
X+(s)
ds
}
, (4.7)
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D(ζ, k) = e
X(k)
2pii
{( ∫ E1
−∞+
∫ k0
E2
)
ln(1−|r(s)|2)
X(s)(s−k) ds+
∫ E2
E1
i arg(r(s))
X+(s)(s−k)ds
}
, (4.8)
for ζ ∈ [0, c0] and k ∈ C \ (−∞, k0]. Here the function arg is chosen as in (3.10).
Note that this definition is consistent with (3.10) for ζ = 0. For  > 0 and z ∈ C
let D(z) = {k ∈ C | |z − k| < } denote the open disk of radius  around z.
Lemma 4.2. For each ζ ∈ [0, c0], the function D(ζ, k) defined in (4.8) has the
following properties:
(a) D(ζ, k) is an analytic function of k ∈ C\(−∞, k0] with continuous boundary
values on (−∞, k0) \ {E1, E2}.
(b) D(ζ, ·)−D(ζ,∞), D(ζ, ·)−1 −D(ζ,∞)−1 ∈ E˙2(C \ (−∞, k0]).
(c) D(ζ, k)±1 = D(ζ,∞)±1 + O(k−1) as k → ∞ uniformly with respect to ζ ∈
[0, c0]. Furthermore, |D(ζ,∞)| = 1.
(d) D(ζ, k) obeys the symmetry
D(ζ, k)D(ζ, k¯) = 1, k ∈ C \ (−∞, k0]. (4.9)
In particular, D+(ζ, k)D−(, ζ, k) = 1 for k ∈ (−∞, k0) \ {E1, E2}.
(e) D(ζ, k) satisfies the jump conditions
D+(ζ, k) = D−(ζ, k)(1− |r(k)|2), k ∈ (−∞, E1) ∪ (E2, k0),
D+(ζ, k)D−(ζ, k) = r(k), k ∈ (E1, E2).
(f) As k approaches the branch points E1 and E2, D(ζ, k) exhibits the asymp-
totics{
D(ζ, k) = (k − E1) 14 eln(2q1,0q1,1)/2+i arg(iq1,0)/2(1 +O(|k − E1|1/2)), k → E1,
D(ζ, k) = (E2 − k) 14 eln(−2q2,0q2,1)/2+i arg(iq2,0)/2(1 +O(|k − E2|1/2)), k → E2,
uniformly for Im k ≥ 0 and ζ ∈ [0, c0]. Here z 7→ z 14 denotes the principal
branch of the 4th-root, positive on (0,∞) with a branch cut along (−∞, 0].
Due to (4.9) similar asymptotic formulas hold for Im k ≤ 0.
(g) Let  > 0 be given such that D(k0) ∩ [E1, E2] = ∅ for all ζ ∈ [0, c0]. Put
ν ≡ ν(r(k0)) := − 12pi ln(1− |r(k0)|2) and define
Db(ζ, k) = (k − k0)−iνD(ζ, k), k ∈ D(k0) \ (−∞, k0],
where the logarithm is defined using the principal branch, real on (0,∞),
with a branch cut along (−∞, k0]. Then Db is a continuous function of k ∈
D(k0) \ (−∞, k0] with continuous boundary values along (−∞, k0), taking
a definite limit as k approaches k0 nontangentially. Furthermore, Db(ζ, k)
and Db(ζ, k)
−1 are uniformly bounded in D(k0) with respect to ζ ∈ [0, c0].
Additionally, the following estimate is valid:∣∣∣∣ Db(ζ, k)Db(ζ, k0) − 1
∣∣∣∣ ≤ C()|k − k0|(1 + | ln |k − k0||)
for k ∈ D(k0)and arg(k0 − k) ∈ {±pi4 ,±3pi4 }, uniformly in ζ ∈ [0, c0].
(h) For every  > 0, the functions D and D−1 are uniformly bounded on C \
(D(E1) ∪D(E2) ∪D(k0(ζ))) with respect to ζ ∈ [0, c0].
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Proof. The proof is standard so we will only present a sketch. The statements
(a)-(e) follow from a detailed study of the involved Cauchy-type integrals. In
particular, (d) and (e) are a consequence of the Sokhotski–Plemelj theorem.
For (f) we will only consider the case of the branch point E2. The branch
point E1 can be treated similarly. Choose points El and Eu such that E1 < El <
E2 < Eu < k0. From the expansion (3.6) together with the series expansions of
the logarithm and the root X, it follows that
1
2pii
∫ Eu
E2
ln(1− |r(s)|2)
X(s)
ds
s− k =
ln(−2q2,0q2,1)
2pii
√
E2 − E1
∫ Eu
E2
1√
s− E2
ds
s− k
+
1
4pii
√
E2 − E1
∫ Eu
E2
ln(s− E2)√
s− E2
ds
s− k
+
2q2,0q2,2 + q
2
2,1
4piiq2,0q2,1
√
E2 − E1
∫ Eu
E2
ds
s− k
+
∫ Eu
E2
f(s)
ds
s− k ,
where f is a Ho¨lder continuous function vanishing at E2. A standard study of
the integrals appearing on the right hand side above, as presented for example
in [25], shows that
1
2pii
∫ Eu
E2
ln(1− |r(s)|2)
X(s)
ds
s− k =
ln(−2q2,0q2,1)
2
√
E2 − E1
1√
k − E2
+
1
4
√
E2 − E1
ln(k − E2)− ipi√
k − E2
− 2q2,0q2,2 + q
2
2,1
4piiq2,0q2,1
√
E2 − E1
ln |k − E2|
+R1(k)
in a neighbourhood of E2, where the function R1(k) is continuous in C+ (see
Chapter 1, section 8.6 in [14] for the power-logarithmic type integral, Chapter 1,
§16, in [25] for the remainder term and Chapter 4, §29, in [25] for the remaining
terms).
A similar calculation shows that
1
2pii
∫ E2
El
ln(r(s))
X+(s)
ds
s− k =
ln(iq2,0)
2
√
E2 − E1
1√
k − E2
+
q2,1
2piiq2,0
√
E2 − E1
ln |k − E2|+R2(k)
for Im k ≥ 0, where the function R2(k) is continuous for Im k ≥ 0.
Next we note that near E2 we have
X(k) =
√
k − E2(
√
E2 − E1 + φ(k)), Im k ≥ 0,
where we take the principal branch of the root with a branch cut along (−∞, E2]
and φ is an analytic function in a neighbourhood of E2 and satisfies |φ(k)| =
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O(|k − E2|). Combining the above calculations, it follows that
X(k)
2pii
∫ E2
El
ln(r(s))
X+(s)
ds
s− k +
X(k)
2pii
∫ Eu
E2
ln(1− |r(s)|2)
X(s)
ds
s− k
=
ln(−2q2,0q2,1)
2
√
k − E2√
k − E2
+
1
4
(ln(k − E2)− ipi)
√
k − E2√
k − E2
+
ln(iq2,0)
2
√
k − E2√
E2 − k
+
(
q2,1
q2,0
− 2q2,0q2,2 + q
2
2,1
2q2,0q2,1
)
X(k) ln |k − E2|
2pii
√
E2 − E1
+R(k)
for Im k ≥ 0 in a neighbourhood of E2, where R(k) is continuous in C+ and
satisfies |R(k)| = O(|k − E2|1/2). Assumption (3.7) implies that the mixed
logarithmic term vanishes. Since the remaining integrals in the exponent of D
define analytic functions near E2, part (f) follows.
Part (g) and (d) can be shown using similar arguments. 
It follows that m(3)(x, t, k) satisfies the jump condition (4.1) with j = 3, where
Γ(3) = Γ(2). Let f ∗(k) := f(k¯) denote the Schwartz conjugate of a function
f(k). Using the jump relations satisfied by D from Lemma 4.2 we find that
v(3) = Dσ3− v
(2)D−σ3+ is given by
v
(3)
1 =
(
1− |r1|2 D2r1e−2itg
−D−2r1e2itg 1
)
, v
(3)
2 =
(
1 0
−D−2he2itg 1
)
,
v
(3)
3 =
(
1 D+D−re−2itg
−D−1+ D−1− re2itg 1− |r|2
)
=
(
1 D2+
r
1−|r|2 e
−2itg
−D−2− r1−|r|2 e2itg 1− |r|2
)
,
v
(3)
4 =
(
1 D2h∗e−2itg
0 1
)
, v
(3)
5 =
(
0 1
−1 D+D−1− e−2itg+
)
,
with the subscripts refering to Figure 4. Define
r2(k) =
{
r(k)
1−|r(k)|2 , k ∈ (−∞, κ+] \ [E1, E2],
− r(k)
1+r(k)2
, k ∈ (E1, E2).
Then we can write the jumps across the real axis excluding the branch cut
[E1, E2] as
v
(3)
1 =
(
1 D2r1e
−2itg
0 1
)(
1 0
−D−2r1e2itg 1
)
,
v
(3)
3 =
(
1 0
−D−2− r2e2itg 1
)(
1 D2+r2e
−2itg
0 1
)
.
4.4. Fourth transformation. The goal of the fourth transformation is to de-
form the contour in such a way that the jump matrix contains the exponential
factors e2itg and e−2itg on the parts of the contour where Im g is positive and
negative, respectively. We first need to introduce analytic approximations of the
functions r1, r2 and h. Following [9], we split each function into an analytic part
and a small remainder. The remainder will remain on the original contour while
the analytic part will be deformed.
Let Ui, i = 1, . . . , 6, be the domains displayed in Figure 6.
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Re k
E1 E2 κ+k0
U1
U6
U2
U3
U5
U4
Figure 6. The open subsets {Uj} of the complex k-plane.
Lemma 4.3 (Analytic approximation of r2). There exists a decomposition
r2(k) = r2,a(x, t, k) + r2,r(x, t, k), k < k0,
where the functions r2,a and r2,r have the following properties:
(a) For each ζ ∈ [0, c0] and each t > 0, the function r2,a(x, t, k) is defined and
continuous for k ∈ U¯2 \ {E1, E2} and analytic for k ∈ U2.
(b) For each  > 0, there exists a constant C() such that the function r2,a
satisfies
|r2,a(x, t, k)− r2(k0)| ≤ C()|k − k0|e t4 |Im g(ζ,k)|, k ∈ D(k0), (4.10)
as well as
|r2,a(x, t, k)| ≤ C()
1 + |k|e
t
4
|Im g(ζ,k)|, k ∈ U¯2 \ (D(E1) ∪D(E2)), (4.11)
uniformly in ζ ∈ [0, c0] and t > 0.
(c) The L1, L2, and L∞-norms on (−∞, k0)\[E1, E2] of k 7→ (1+|k|2)r2,r(x, t, k)
are O(t−3/2) as t → ∞ uniformly with respect to ζ ∈ [0, c0] and the L1, L2,
and L∞-norms on (E1, E2) of |r2,r(x, t, ·)|e−2t|Im g+(ζ,·)| are O(t−3/2) as t→∞
uniformly with respect to ζ ∈ [0, c0].
Proof. We first show that there exists a function f0(ζ, k) which is analytic in U2,
continuous on U¯2 \ {E1, E2}, and satisfies
i)
∂n
∂kn
(r2 − f0) =

O((k − k0)6−n), k → k0, k ≤ k0,
O(k−5−n), k → −∞, k ∈ R,
O((k − Ei)3−n), k → Ei, k ∈ R, i = 1, 2,
n = 0, 1, 2,
with uniform error estimates with respect to ζ ∈ [0, c0];
ii) |f0(x, t, k)| ≤ C()
1 + |k| , k ∈ U¯2 \ (D(E1) ∪D(E1)), ζ ∈ [0, c0], t > 0.
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Note that since r ∈ C6((E2, κ+]), it admits a Taylor series expansion at k0 of
the form
r(k) =
5∑
j=0
wj(ζ)(k − k0)j +O((k − k0)6), k → k0, (4.12)
where the coefficients wj(ζ) := r
(j)(k0)/j! ∈ C are uniformly bounded with
respect to ζ ∈ [0, c0] and the error term is uniform with respect to ζ ∈ [0, c0].
The expansion (4.12) together with assumptions (3.6) and (3.3) show - after a
long but straightforward calculation - that r2 admits the series expansions
r2(k) =

∑5
l=−1Q2,l(k − E2)l/2 +O((k − E2)3), k ↓ E2,∑5
l=−1 i
lQ2,l(E2 − k)l/2 +O((E2 − k)3), k ↑ E2,∑5
l=−1 i
lQ1,l(k − E1)l/2 +O((k − E1)3), k ↓ E1,∑5
l=−1(−1)lQ1,l(E1 − k)l/2 +O((E1 − k)3), k ↑ E1,
O(k−5), k → −∞,∑5
l=0 Wl(ζ)(k − k0)l +O((k − k0)6), k → k0,
and these expansions can be differentiated termwise two times. The coefficients
Qi,l are rational functions in qi,l with a denominator of the form q
l+1
i,0 q
l+2
i,1 . Since
qi,0, qi,1 6= 0 by assumption, these coefficients are well defined and finite. Simi-
larly, the coefficients Wl(ζ) are rational functions in wj with a denominator of
the form 1− |w0(ζ)|2 = 1− |r(k0)|2. Again, the assumption |r| < 1 on (E2, κ+)
implies that the Wl(ζ) are well defined and finite. Moreover, the coefficients Qi,l
and Wl(ζ) are uniformly bounded with respect to ζ ∈ [0, c0] and the error terms
in the above series expansions are uniform with respect to ζ ∈ [0, c0]. To find f0
we write
f0(ζ, k) =
p1(ζ, k)
X(k)
+ p2(ζ, k)
with
p1(ζ, k) =
17∑
j=4
aj(ζ)
(k + i)j
and p2(ζ, k) =
16∑
j=5
bj(ζ)
(k + i)j
,
where the coefficients aj(ζ) and bj(ζ) are chosen such that
p1(ζ, k)
X+(k)
=

∑5
l=−1,l odd Q2,l(k − E2)l/2 +O((k − E2)3), k ↓ E2,∑5
l=−1,l odd i
lQ2,l(E2 − k)l/2 +O((E2 − k)3), k ↑ E2,∑5
l=−1,l odd i
lQ1,l(k − E1)l/2 +O((k − E1)3), k ↓ E1,∑5
l=−1,l odd(−1)lQ1,l(E1 − k)l/2 +O((E1 − k)3), k ↑ E1,
O(k−5), k → −∞,
1
2
∑5
l=0Wl(ζ)(k − k0)l +O((k − k0)6), k → k0,
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E1 E2 k0 κ+
k
g(ζ, k)
Figure 7. The graph of g along (−∞, E1] and [E1,∞) for a particular choice
of α, β and ζ.
and
p2(ζ, k) =

∑5
l=−1,l evenQ2,l(k − E2)l/2 +O((k − E2)3), k ↓ E2,∑5
l=−1,l even i
lQ2,l(E2 − k)l/2 +O((E2 − k)3), k ↑ E2,∑5
l=−1,l even i
lQ1,l(k − E1)l/2 +O((k − E1)3), k ↓ E1,∑5
l=−1,l even(−1)lQ1,l(E1 − k)l/2 +O((E1 − k)3), k ↑ E1,
O(k−5), k → −∞,
1
2
∑5
l=0Wl(ζ)(k − k0)l +O((k − k0)6), k → k0,
with uniform error terms with respect to ζ ∈ [0, c0] and such that we may
differentiate the above expansions twice (see the proof of Lemma 4.5 in [20]
for details). The coefficients aj and bj are polynomial in the coefficients of the
above series expansions. Thus aj and bj are uniformly bounded with respect to
ζ ∈ [0, c0]. This proves (i) and (ii).
Now define f := r2 − f0 on (−∞, k0]. For each ζ ∈ [0, c0] the map k 7→ φ =
g(ζ, k) is a decreasing bijection from (−∞, E1) → (0,∞) and from (E2, k0) →
(g(ζ, k0), 0), see Figure 7. Hence we may define a function F (ζ, φ) by
F (ζ, φ) =
{
(k+i)6
√
k+i
(k−E1)(k−E2)(k−k0)f(ζ, k), φ ∈ (g(ζ, k0), 0) ∪ (0,∞),
0, φ ∈ (−∞, g(ζ, k0)) ∪ {0},
where
√
k + i denotes the principal branch of the root with a branch cut along
the negative imaginary axis. By the chain rule we have
∂nF
∂φn
(ζ, φ(ζ, k)) =
(
1
∂φ/∂k
∂
∂k
)n(
(k + i)6
√
k + i
(k − E1)(k − E2)(k − k0)f(ζ, k)
)
(4.13)
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for φ(ζ, k) ∈ (g(ζ, k0), 0) ∪ (0,∞). In view of (4.3) it follows that
∂n
∂kn
1
∂φ/∂k
(ζ, k) =

O((k − k0)−1−n), k → k0, k < k0,
O(k−1−n), k → −∞, k ∈ R,
O((k − Ei)1/2−n), k → Ei, k ∈ R, i = 1, 2,
n = 0, 1,
where the error terms are uniform with respect to ζ ∈ [0, c0]. Together with the
asymptotics of f given by (i), formula (4.13) yields
∂nF
∂φn
(ζ, φ(ζ, k)) =

O((k − k0)5−2n), k → k0, k ≤ k0,
O(k−3/2−2n), k → −∞, k ∈ R,
O((k − Ei)2−n/2), k → Ei, k ∈ R, i = 1, 2,
n = 0, 1, 2.
This implies F (ζ, ·) ∈ C2(R). From the definition (4.2) of g we see that there
exists a constant C > 0 independent of ζ ∈ [0, c0] such that
|φ|1/2 ≤ C|k|, i.e. |k|−1 ≤ C|φ|−1/2
for large k < 0. Thus we find
∂nF
∂nφ
(ζ, φ) =
{
O(φ−3/4−n), φ→ +∞, φ ∈ R,
0, φ < g(ζ, k0),
n = 0, 1, 2,
with uniform error bounds with respect to ζ ∈ [0, c0]. Since F (ζ, ·) ∈ C2(R) it
follows that F (ζ, ·) ∈ H2(R) with
sup
ζ∈[0,c0]
∥∥∂nF
∂φn
(ζ, ·)∥∥
L2(R) <∞, n = 0, 1, 2.
Let
Fˆ (ζ, s) =
1
2pi
∫
R
F (ζ, φ)e−iφsdφ, s ∈ R,
denote the Fourier transform of F (as a function in L2(R)). By Plancherel we
have
sup
ζ∈[0,c0]
‖snFˆ (ζ, s)‖L2(ds) = 1
2pi
sup
ζ∈[0,c0]
∥∥ ∂n
∂φn
F (ζ, φ)
∥∥
L2(dφ)
<∞, n = 0, 1, 2.
Together with Ho¨lder’s inequality it follows in particular that the L1-norm of
Fˆ (ζ, ·) is uniformly bounded with respect to ζ ∈ [0, c0]. The Fourier inversion
theorem together with the fact that Fˆ (ζ, ·) ∈ L1(R) yields
F (ζ, φ) =
∫
R
Fˆ (ζ, s)eiφsds, φ ∈ R.
By the definition of F we find∫
R
Fˆ (ζ, s)eisg(ζ,k)ds =
{
(k+i)6
√
k+i
(k−E1)(k−E2)(k−k0)f(ζ, k), k ∈ (−∞, E1) ∪ (E2, k0),
0, k ∈ {E1, E2, k0}.
(4.14)
Define
fa(ζ, k) =
(k − E1)(k − E2)(k − k0)
(k + i)6
√
k + i
∫ t
4
−∞
Fˆ (ζ, s)eisg(ζ,k)ds, k ∈ U2,
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fr(ζ, k) = f(ζ, k)− (fa)+(ζ, k), k ∈ (−∞, k0],
where (fa)+ denotes the boundary values of fa from the upper half-plane. Since
|eisg(ζ,k)| = e−sIm g(ζ,k) and Im g(ζ, k) < 0 for k ∈ U2, the integral exists and
fa(ζ, ·) is analytic in U2. Furthermore, since Im g+(ζ, k) ≤ 0 for k ∈ [E1, E2],
the function fa can be continuously extended to U¯2. By (4.14) we have
fr(ζ, k) = f(ζ, k)− fa(ζ, k) = (k − E1)(k − E2)(k − k0)
(k + i)6
√
k + i
∫ ∞
t
4
Fˆ (ζ, s)eisg(ζ,k)ds
for k ∈ (−∞, E1) ∪ (E2, k0) and
fr(ζ, k) = f(ζ, k)− (k − E1)(k − E2)(k − k0)
(k + i)6
√
k + i
∫ t
4
−∞
Fˆ (ζ, s)eisg+(ζ,k)ds (4.15)
for k ∈ [E1, E2]. We estimate
|fa(ζ, k)| ≤ |k − E1||k − E2||k − k0|
(1 + |k|2)13/4 ‖Fˆ (ζ, ·)‖L1(R) sups≤t/4 |e
isg(ζ,k)|
≤ C |k − k0|
1 + |k|9/2 e
t
4
|Im g(ζ,k)|, k ∈ U¯2, (4.16)
|fr(ζ, k)| ≤ |k − E1||k − E2||k − k0|
(1 + |k|2)13/4 ‖s
2Fˆ (ζ, s)‖L2(ds)
√∫ ∞
t
4
s−4ds
≤ C t
−3/2
1 + |k|7/2 , k ∈ (−∞, E1) ∪ (E2, k0). (4.17)
In order to estimate fr = f − (fa)+ on (E1, E2) we consider the two terms on
the right hand side of (4.15) separately. For the first term, the asymptotics of
f(ζ, ·) near Ei (in combination with the uniform boundedness of f on a closed
subinterval of (E1, E2)) yields
|f(ζ, k)| ≤ C|k − E1|3|k − E2|3, k ∈ (E1, E2), i = 1, 2.
The second term in (4.15) can be estimated similarly as in (4.16), so that
|(fa)+(ζ, k)| ≤ C|k − E1||k − E2|e t4 |Im g+(ζ,k)|, k ∈ (E1, E2).
Now define
r2,a(x, t, k) = f0(ζ, k) + fa(ζ, k), ζ ∈ [0, c0], k ∈ U¯2,
r2,r(x, t, k) = fr(ζ, k), k ∈ (−∞, k0).
From estimate (4.17) it follows that the L∞, L1 and L2-norms of (1 + |k|2)r2,r
on (−∞, k0) \ [E1, E2] are O(t−3/2). For the estimates on [E1, E2] we note that
by the above computations we have
|r2,r(x, t, k)|e−2t|Im g+(ζ,k)| ≤ C|k − E1|3|k − E2|3e−2t|Im g+(ζ,k)|
+ C|k − E1||k − E2|e− 7t4 |Im g+(ζ,k)|
for k ∈ (E1, E2). Since |Im g+(ζ, k)| ∼ |k − Ei|1/2 as k → Ei, i = 1, 2, easy
estimates show that the L∞, L1 and L2-norms of |r2,r(x, t, ·)|e−2t|Im g+(ζ,·)| on
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(E1, E2) are O(t
−3/2). To show (4.10) we note that
|r2,a(x, t, k)− r2(k0)| ≤ |fa(ζ, k)|+ |f0(ζ, k)− f0(ζ, k0)|.
The first term can be estimated using (4.16). In view of the series expansion
of f0 near k0 it follows that the second term can be estimated by a uniform
constant times |k − k0|. Estimate (4.11) follows from (4.16) together with the
estimate (ii) for f0. 
The proofs of the following two lemmas are similar to (but easier than) the
proof of Lemma 4.3 and will be omitted.
Lemma 4.4 (Analytic approximation of h). There exists a decomposition
h(k) = ha(t, k) + hr(t, k), t > 0, k ∈ D¯1 ∩ D¯2,
where the functions ha and hr have the following properties:
(a) For each t > 0, the function ha(t, k) is defined and continuous for k ∈ D¯1
and analytic for k ∈ D1.
(b) The function ha satisfies{
|ha(t, k)− h(κ+)| ≤ C|k − κ+|e t4 |Im g(ζ,k)|,
|ha(t, k)| ≤ C1+|k|e
t
4
|Im g(ζ,k)|,
k ∈ D¯1, ζ ∈ [0, c0], t > 0, (4.18)
(c) The L1, L2, and L∞-norms of k 7→ (1+ |k|2)hr(t, k) on D¯1∩D¯2 are O(t−3/2)
as t→∞.
Lemma 4.5 (Analytic approximation of r1). There exists a decomposition
r1(k) = r1,a(x, t, k) + r1,r(x, t, k), k ≥ k0,
where the functions ra and rr have the following properties:
(a) For each ζ ∈ [0, c0] and each t > 0, the function r1,a(x, t, k) is defined and
continuous for k ∈ U¯1 and analytic for k ∈ U1.
(b) The function r1,a satisfies{
|r1,a(x, t, k)− r1(k0)| ≤ C|k − k0|e t4 |Im g(ζ,k)|,
|r1,a(x, t, k)| ≤ C1+|k|e
t
4
|Im g(ζ,k)|,
k ∈ U¯1, ζ ∈ [0, c0], t > 0,
(4.19)
(c) The L1, L2, and L∞-norms on (k0,∞) of k 7→ (1 + |k|2)r1,r(x, t, k) are
O(t−3/2) as t→∞ uniformly with respect to ζ ∈ [0, c0].
Now let Γ(4) be the contour shown in Figure 8. Define m(4)(x, t, k) by
m(4) = m(3)D(ζ, k)σ3H4D(ζ, k)
−σ3
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Figure 8. The contour Γ(4) in the complex k-plane.
where
H4(ζ, k) =

(
1 0
r1,a(k)e
2itg(k) 1
)
, k ∈ U1,(
1 −r2,a(k)e−2itg(k)
0 1
)
, k ∈ U2,(
1 0
−r∗2,a(k)e2itg(k) 1
)
, k ∈ U3,(
1 r∗1,a(k)e
−2itg(k)
0 1
)
, k ∈ U4,(
1 −h∗a(k)e−2itg(k)
0 1
)
, k ∈ U5,(
1 0
−ha(k)e2itg(k) 1
)
, k ∈ U6,
I, elsewhere.
Then the new jump matrix v(4) = (Dσ3H4D
−σ3)−1− v
(3)(Dσ3H4D
−σ3)+ is given by
v
(4)
1 =
(
1 0
−D−2(r1,a + h)e2itg 1
)
, v
(4)
2 =
(
1 −D2r2,ae−2itg
0 1
)
,
v
(4)
3 =
(
1 0
D−2r∗2,ae
2itg 1
)
, v
(4)
4 =
(
1 D2(r∗1,a + h
∗)e−2itg
0 1
)
,
v
(4)
5 =
(
1 D2(r∗1,a + h
∗
a)e
−2itg
0 1
)
, v
(4)
6 =
(
1 0
−D−2(r1,a + ha)e2itg 1
)
,
v
(4)
7 =
(
1− |r1,r|2 D2r∗1,re−2itg
−D−2r1,re2itg 1
)
, v
(4)
8 =
(
1 0
−D−2hre2itg 1
)
,
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v
(4)
9 =
(
1 D2h∗re
−2itg
0 1
)
, v
(4)
10 =
(
1 D2+r2,re
−2itg
−D−2− r∗2,re2itg 1− |r2,r|2(1− |r|2)2
)
,
v
(4)
11 =
(
0 1
−1 D2+r2,ae−2itg+ +D−2− r∗2,ae2itg− +D+D−1− e−2itg+
)
,
where the subscripts refer to Figure 8 and we have used Lemma 4.2 (e) to
compute the jumps along (−∞, κ+). Using g+ = −g−, D+D− = r as well as the
assumption |r|2 = rr∗ = 1 on (E1, E2), we find that the 22-entry of v(4)11 can be
written as
D+D
−1
− (rr2,a + r
∗r∗2,a + 1)e
−2itg+ = D+D−1− (rr2 + r
∗r∗2 + 1− 2Re (rr2,r))e−2itg+ .
Using again that |r| = 1 on (E1, E2), we compute
rr2 + r
∗r∗2 + 1 = −
r2
1 + r2
− r¯
2
1 + r¯2
+ 1 = −|r|
4 + r2 + r¯2 + |r|4
1 + r2 + r¯2 + |r|4 + 1 = 0.
Thus we can rewrite v
(4)
11 as
v
(4)
11 =
(
0 1
−1 −2D+D−1− Re (rr2,r)e−2itg+
)
.
5. Parametrices
In this section we will construct parametrices away from and near the critical
point. These parametrices will be refered to as the global parametrix and the
parametrix near k0, respectively.
5.1. Global Parametrix. The signature table of Im g (see Figure 3) together
with the decay of r1,r, r2,r and hr implies that away from the critical point k0,
the jump matrix v(4) approaches the jump matrix
v(∞) =
(
0 1
−1 0
)
, k ∈ [E1, E2], (5.1)
as t → ∞ (with the jumps on the other parts of Γ(4) being equal to identity).
Hence we expect the leading order asymptotics of m(4) to be determined by the
solution m(∞) of the RH problem{
m(∞)(x, t, ·) ∈ I + E˙2(C \ [E1, E2]),
m
(∞)
+ (x, t, k) = m
(∞)
− (x, t, k)v
(∞)(x, t, k) for a.e. k ∈ [E1, E2],
where v(∞) is given by (5.1) and the contour [E1, E2] is oriented to the right.
The unique solution of this RH problem is given by
m(∞) =
1
2
(
∆ + ∆−1 −i(∆−∆−1)
i(∆−∆−1) ∆ + ∆−1
)
,
where the function ∆ is defined in (2.2). We note that m(∞) satisfies the asymp-
totic formula
m(∞)(k) = I +
(
0 iα
2k− iα
2k
0
)
+
(
α2
8k2
− iαβ
2k2
iαβ
2k2
α2
8k2
)
+O(k−3), k →∞.
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Figure 9. The contour X = X1 ∪X2 ∪X3 ∪X4 in the complex plane.
It follows that v(4) − v(∞) converges to zero as t → ∞ everywhere except at
the critical point k0. Thus we have to do a local analysis near k0.
5.2. Model Problem on the Cross. The study of the local parametrix near
k0 leads to a RH problem on a cross which can be explicitly solved in terms of
parabolic cylinder functions [16]. The exact result needed in our case can be
found in Appendix B of [20] and is stated below for the reader’s convenience.
Let X = X1 ∪X2 ∪X3 ∪X4 ⊆ C be the cross defined by
X1 =
{
se
ipi
4
∣∣ 0 ≤ s <∞}, X2 = {se 3ipi4 ∣∣ 0 ≤ s <∞},
X3 =
{
se−
3ipi
4
∣∣ 0 ≤ s <∞}, X4 = {se− ipi4 ∣∣ 0 ≤ s <∞},
oriented away from the origin as shown in Figure 9 and let D = {z ∈ C | |z| < 1}
denote the open unit disk in C.
Lemma 5.1 (Exact solution on the cross). Define the function ν : D→ [0,∞)
by ν(q) = − 1
2pi
ln(1− |q|2) and define the jump matrix vX(q, z) for z ∈ X by
vX(q, z) =

(
1 0
−qz−2iν(q)e iz22 1
)
, z ∈ X1,(
1 − q¯
1−|q|2 z
2iν(q)e−
iz2
2
0 1
)
, z ∈ X2,(
1 0
q
1−|q|2 z
−2iν(q)e
iz2
2 1
)
, z ∈ X3,(
1 q¯z2iν(q)e−
iz2
2
0 1
)
, z ∈ X4.
(5.2)
Then for each q ∈ D the RH problem{
mX(q, ·) ∈ I + E˙2(C \X),
mX+ (q, z) = m
X
− (q, z)v
X(q, z) for a.e. z ∈ X,
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has a unique solution mX(q, z). This solution satisfies
mX(q, z) = I − 1
z
(
0 βX(q)
βX(q) 0
)
+O
(
q
z2
)
, z →∞, q ∈ D,
where the error term is uniform with respect to arg z ∈ [0, 2pi] and q in compact
subsets of D. The function βX(q) is defined by
βX(q) =
√
ν(q)ei(
3pi
4
−arg(−q)+arg Γ(iν(q)), q ∈ D. (5.3)
Moreover, for each compact subset K of D,
sup
q∈K
sup
z∈C\X
|mX(q, z)| <∞ (5.4)
and
sup
q∈K
sup
z∈C\X
|mX(q, z)− I|
|q| <∞. (5.5)
Proof. See Theorem B.1 in [20] with q replaced by −q. 
5.3. Parametrix near k0. Fix 0 <  < (infζ∈[0,c0] k0(ζ) − E2)/2. We seek a
2× 2 matrix valued function mk0 with jumps along Γ(4) ∩D(k0) such that the
corresponding jump matrix is close to v(4) and such that mk0 is close to m(∞)
on ∂D(k0) for large t. In order to find m
k0 , we relate m(4) to the solution mX
of Lemma 5.1 by making a local change of variables for k near k0.
We introduce a new variable z ≡ z(ζ, k) such that
iz2
2
= 2it(g(k)− g(k0)).
Hence we choose
z =
√
t(k − k0)ψ(ζ, k)
where
ψ(ζ, k) = 2
√
g(k)− g(k0)
(k − k0)2 . (5.6)
Note that ∂kg(k0) = 0 and ∂
2
kg(k0) = 4(k0 − k1)/X(k0) > 0 (cf. (4.3)), so that
ψ2 is analytic and non-zero in a neighbourhood of k0. Since ψ
2 is continuous
with respect to (ζ, k), we may (by making  smaller) assume that ψ2 is non-
zero in D(k0). We fix the branch of the square root in (5.6) by requiring that
Reψ(ζ, k) > 0 for k ∈ D(k0).
By making  smaller if necessary, we may assume that that for each ζ ∈ [0, c0],
the map k 7→ z(ζ, k) is a biholomorphism from D(k0) onto some neighbourhood
of the origin. This follows from the fact that
√
∂2kg(k0) can be uniformly bounded
from below and above for ζ ∈ [0, c0].
Let X be the cross defined by parts 1, 2, 3, 4, 5 and 6 of the contour Γ(4) and
let X  = X ∩D(k0). By deforming the contour slightly we may assume that X 
is mapped into X under the map k 7→ z(ζ, k). Due to the symmetry z(ζ, k) =
z(ζ, k) we may in addition assume that the deformed contour is invariant (up to
orientation) under the involution k 7→ k¯.
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Using Lemma 4.2 (g) we write the function D for k ∈ D(k0) as
D(ζ, k) = (k − k0)iνDb(ζ, k) = ziνD0(ζ, t)D1(ζ, k)
where the functions D0(ζ, t) and D1(ζ, k) are defined by
D0(ζ, t) = t
−iν
2 ψ(ζ, k0)
−iνDb(ζ, k0), t > 0,
and
D1(ζ, k) = e
−iν ln
(
ψ(ζ,k)
ψ(ζ,k0)
)
Db(ζ, k)
Db(ζ, k0)
, k ∈ D(k0) \ (−∞, k0].
Define m˜(x, t, z) by
m˜(x, t, z(ζ, k)) = m(4)(x, t, k)e−itg(ζ,k0)σ3D0(ζ, t)σ3 , k ∈ D(k0) \ Γ(4).
Then m˜ is a sectionally analytic function which satisfies m˜+ = m˜−v˜ for k ∈
Γ(4) ∩D(k0), with the jump matrix
v˜ = D0(ζ, t)
−σ3eitg(ζ,k0)σ3v(4)e−itg(ζ,k0)σ3D0(ζ, t)σ3
given by
v˜(x, t, z) =

(
1 0
−z−2iνD−21 (r1,a + h)e
iz2
2 1
)
, k ∈ Γ(4)1 ∩D(k0),(
1 −z2iνD21r2,ae−
iz2
2
0 1
)
, k ∈ Γ(4)2 ∩D(k0),(
1 0
z−2iνD−21 r
∗
2,ae
iz2
2 1
)
, k ∈ Γ(4)3 ∩D(k0),(
1 z2iνD21(r
∗
1,a + h
∗)e−
iz2
2
0 1
)
, k ∈ Γ(4)4 ∩D(k0),(
1 z2iνD21(r
∗
1,a + h
∗
a)e
− iz2
2
0 1
)
, k ∈ Γ(4)5 ∩D(k0),(
1 0
−z−2iνD−21 (r1,a + ha)e
iz2
2 1
)
, k ∈ Γ(4)6 ∩D(k0),(
1− |r1,r|2 z2iνD21r∗1,re−
iz2
2
−z−2iνD−21 r1,re
iz2
2 1
)
, k ∈ Γ(4)7 ∩D(k0),(
1 0
−z−2iνD−21 hre
iz2
2 1
)
, k ∈ Γ(4)8 ∩D(k0),(
1 z2iνD21h
∗
re
− iz2
2
0 1
)
, k ∈ Γ(4)9 ∩D(k0),(
1 (z2iν)+D
2
1+r2,re
− iz2
2
−(z−2iν)−D−21−r∗2,re
iz2
2 1− |r2,r|2(1− |r|2)2
)
, k ∈ Γ(4)10 ∩D(k0).
Note that the parts Γ
(4)
i ∩ D(k0) for i = 5, 6, 8, 9, are non-empty only for k0
close to κ+. Define
q ≡ q(ζ) = r(k0), ζ ∈ [0, c0].
28 CONSTRUCTION OF SOLUTIONS OF THE DEFOCUSING NLS EQUATION
For fixed z ∈ X we have k(ζ, z)→ k0 as t→∞, which implies
D1(ζ, k)→ 1, r1,a(k) + h(k)→ r(k0) = q, r2,a(k)→ r(k0)
1− |r(k0)|2 =
q¯
1− |q|2 ,
as t→∞. Hence we expect v˜ to tend to the jump matrix vX defined in (5.2) as
t becomes large. By definition of m˜ this means that the jumps of m(4) for k near
k0 approach the jumps of the function m
XD0(ζ, t)
−σ3eitg(ζ,k0)σ3 as t → ∞. A
suitable approximation of m(4) in the neighbourhood D(k0) of k0 is thus given
by a 2× 2-matrix valued function mk0 of the form
mk0(x, t, k) = Y (ζ, t, k)mX(q(ζ), z(ζ, k))D0(ζ, t)
−σ3eitg(ζ,k0)σ3 (5.7)
where Y (ζ, t, k) is a matrix valued function which is analytic for k ∈ D(k0).
Since we want mk0 to be close to m(∞) on ∂D(k0) for large t, we choose
Y (ζ, t, k) = m(∞)(k)e−itg(ζ,k0)σ3D0(ζ, t)σ3 . (5.8)
Lemma 5.2. For each ζ ∈ [0, c0] and t > 0, the function mk0(x, t, k) defined in
(5.7) with Y given by (5.8) is an analytic function of k ∈ D(k0)\X . Moreover,
|(m(∞))−1mk0(x, t, k)− I| ≤ C|q| ≤ C, ζ ∈ [0, c0], t > 2, k ∈ D(k0) \ X .
Across X , mk0 obeys the jump condition mk0+ = mk0− vk0, where the jump matrix
vk0 satisfies
‖v(4) − vk0‖L1(X ) ≤ Ct−1 ln t,
‖v(4) − vk0‖L2(X ) ≤ Ct−3/4 ln t,
‖v(4) − vk0‖L∞(X ) ≤ Ct−1/2 ln t,
‖v(4) − vk0‖
(L1∩L2∩L∞)((Γ(4)7 ∪Γ(4)8 ∪Γ(4)9 ∪Γ(4)10 )∩D(k0))
≤ Ct−3/2,
(5.9)
uniformly for ζ ∈ [0, c0] and t > 2. Furthermore, as t→∞,
‖m(∞)(mk0(x, t, ·))−1 − I‖L∞(∂D(k0)) = O
(
q√
t
)
, (5.10)
and, for j = 0, 1,
1
2pii
∫
∂D(k0)
kj
(
m(∞)(k)(mk0(x, t, k))−1 − I) dk
= −kj0
Y (ζ, t, k0)m
X
1 (ζ)Y (ζ, t, k0)
−1
√
tψ(ζ, k0)
+O
(q
t
)
, (5.11)
uniformly with respect to ζ ∈ [0, c0], where mX1 (ζ) is defined by
mX1 (ζ) = −
(
0 βX(q)
βX(q) 0
)
. (5.12)
Proof. See for instance Lemma 6.3 in [1]. The necessary estimates for the ana-
lytic approximations of r2, r1 and h, as well as for the functions D, D0 and D1,
follow from Lemma 4.3, 4.5 and 4.4, and Lemma 4.2 together with the uniform
boundedness of ν, respectively. 
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Γˆ
E1 E2 κ+k0
Figure 10. The contour Γˆ in the complex k-plane.
6. Asymptotic Analysis
Define the approximate solution mapp by
mapp =
{
mk0 , k ∈ D(k0),
m(∞), else.
The function mˆ(x, t, k) defined by
mˆ = m(4)(mapp)−1 (6.1)
satisfies the jump relation
mˆ+(x, t, k) = mˆ−(x, t, k)vˆ(x, t, k) for a.e. k ∈ Γˆ,
where Γˆ = Γ(4) ∪ ∂D(k0), see Figure 10, and the jump matrix vˆ is given by
vˆ = mˆ−1− mˆ+ =

m
(∞)
− v
(4)(m
(∞)
+ )
−1, k ∈ Γˆ \D(k0),
m(∞)(mk0)−1, k ∈ ∂D(k0),
mk0− v
(4)(mk0+ )
−1, k ∈ Γˆ ∩D(k0).
The next lemma shows that vˆ − I is small for large t.
Lemma 6.1. Let wˆ = vˆ − I. Then the following estimates hold uniformly for
ζ ∈ [0, c0] and t ≥ 2:
‖(1 + |k|2)wˆ‖(L1∩L2∩L∞)(X\D(k0)) ≤ Ce−ct, (6.2a)
‖(1 + |k|2)wˆ‖(L1∩L2∩L∞)(Γ(4)\(X∪∂D(k0))) ≤ Ct−3/2, (6.2b)
‖(1 + |k|2)wˆ‖(L1∩L2∩L∞)(∂D(k0)) ≤ Cqt−1/2, (6.2c)
‖(1 + |k|2)wˆ‖L1(X ) ≤ Ct−1 ln t, (6.2d)
‖(1 + |k|2)wˆ‖L2(X ) ≤ Ct−3/4 ln t, (6.2e)
‖(1 + |k|2)wˆ‖L∞(X ) ≤ Ct−1/2 ln t. (6.2f)
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Proof. Note that
wˆ =

m(∞)(v(4) − I)(m(∞))−1, k ∈ Γˆ \ (D(k0) ∪ [E1, E2]),
m
(∞)
− (v
(4) − v(∞))(m(∞)+ )−1, k ∈ [E1, E2],
m(∞)(mk0)−1 − I, k ∈ ∂D(k0),
mk0− (v
(4) − vk0)(mk0+ )−1, k ∈ Γˆ ∩D(k0).
Thus the estimates (6.2d)-(6.2f) are a consequence of (5.9) and (5.10) immedi-
ately gives (6.2c).
For the estimate on part 2 of the contour lying outside the disk we note that
the only nonzero entry of v(4) − I is given by −D2(k)r2,a(k)e−2itg(k). Since D
is uniformly bounded with respect to k and ζ ∈ [0, c0] (cf. Lemma 4.2 (h)),
the estimate (4.11) implies that the above term can be bounded by a uniform
constant times e−
7
4
|Im g(k)|. However, on X \D(k0) we have |Im g(k)| ≥ c|k− k0|
for some uniform constant c > 0. This yields the estimate (6.2a) on part 2 of
the cross X \D(k0). The other parts of the cross can be treated similarly.
Next we derive the estimate (6.2b) on part 11 of the contour. Using ∆+ = i∆−
we compute
wˆ = m
(∞)
−
(
0 0
0 −2D+D−1− Re (rr2,r)e−2itg+
)
(m
(∞)
+ )
−1
= −Re (rr2,r)e
−2itg+
2
( −iD+D−1− (∆2− −∆−2− ) −D+D−1− (∆2− + ∆−2− − 2)
D+D
−1
− (∆
2
− + ∆
−2
− + 2) iD+D
−1
− (∆
2
− −∆−2− )
)
.
Lemma 4.2 f) implies that the components of the last matrix are uniformly
bounded on [E1, E2] with respect to ζ ∈ [0, c0]. In view of Lemma 4.3 (c), the
estimate (6.2b) now follows for part 11 of the contour. The remaining parts can
be treated in the same way since the jump matrix contains the small remainders
r1,r, r2,r or hr so that the desired estimates are a consequence of Lemma 4.5 (c),
4.3 (c) and Lemma 4.4 (c). 
The estimates in Lemma 6.1 imply that{
‖wˆ‖(L1∩L2)(Γˆ) ≤ Ct−1/2,
‖wˆ‖L∞(Γˆ) ≤ Ct−1/2 ln t,
ζ ∈ [0, c0], t ≥ 2. (6.3)
For f ∈ L2(Γˆ) the Cauchy transform Cf is defined by
(Cf)(λ) = 1
2pii
∫
Γˆ
f(z)
z − λdz, λ ∈ C \ Γˆ. (6.4)
Let C+f and C−f denote the nontangential boundary values of Cf from the left
and right sides of Γˆ, respectively. Then C+ and C− lie in B(L2(Γˆ)) and satisfy
C+ − C− = I, where B(L2(Γˆ)) denotes the Banach space of bounded linear
operators on L2(Γˆ).
The estimates (6.3) imply
‖Cwˆ‖B(L2(Γˆ)) ≤ C‖wˆ‖L∞(Γˆ) ≤ Ct−1/2 ln t, ζ ∈ [0, c0], t ≥ 2, (6.5)
with the operator Cwˆ : L2(Γˆ) +L∞(Γˆ)→ L2(Γˆ) being defined by Cwˆf = C−(fwˆ).
It follows that there exists a time T > 0 such that ‖Cwˆ‖B(L2(Γˆ)) ≤ 12 and I −
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Cwˆ(ζ,t,·) ∈ B(L2(Γˆ)) is invertible for all t ≥ T . We define µˆ(x, t, k) ∈ I + L2(Γˆ)
for t ≥ T by
µˆ = I + (I − Cwˆ)−1CwˆI.
Using the Neumann series, we find that
‖µˆ− I‖L2(Γˆ) ≤
C‖wˆ‖L2(Γˆ)
1− ‖Cwˆ‖B(L2(Γˆ))
, t ≥ T.
Together with (6.3) and (6.5) it follows that
‖µˆ(x, t, ·)− I‖L2(Γˆ) ≤ Ct−1/2, t ≥ T, ζ ∈ [0, c0]. (6.6)
The standard theory of L2-RH problems now implies that there exists a unique
solution mˆ ∈ I + E˙2(C \ Γˆ) of the RH problem{
mˆ(x, t, ·) ∈ I + E˙2(C \ Γˆ),
mˆ+(x, t, k) = mˆ−(x, t, k)vˆ(x, t, k) for a.e. k ∈ Γˆ,
(6.7)
for all t ≥ T . This solution is given by
mˆ(x, t, k) = I + C(µˆwˆ) = I + 1
2pii
∫
Γˆ
µˆ(x, t, z)wˆ(x, t, z)
dz
z − k . (6.8)
For more details we refer for instance to [21].
6.1. Asymptotics of mˆ. Let W be a nontangential sector at ∞ with respect
to Γˆ. By (6.8) we may write
mˆ(x, t, k) = I − 1
2pii
∫
Γˆ
(µˆwˆ)(x, t, z)
(
1
k
+
z
k2
+
z2
k3
+
z3
k3(k − z)
)
dz.
Note that the quotient z/(z−k) can be bounded uniformly for z ∈ Γˆ and k ∈ W
large enough. Furthermore, the L2-norm of µˆ(x, t, ·) − I is bounded according
to (6.6) and the L1 and L2-norms of z2wˆ(x, t, z) are bounded due to Lemma 6.1.
Thus we find
mˆ(x, t, k) = I +
mˆ1(x, t)
k
+
mˆ2(x, t)
k2
+O(k−3), k ∈ W,
where the error term is uniform with respect to k ∈ W and the coefficients mˆj
are given by
mˆj(x, t) := − 1
2pii
∫
Γˆ
µˆ(x, t, k)wˆ(x, t, k)kj−1dk, j = 1, 2. (6.9)
Next we will compute the asymptotics of mˆ1 and mˆ2 as t→∞. By (6.2) and
(6.6), we have∫
Γ′
µˆ(x, t, k)wˆ(x, t, k)kj−1dk
=
∫
Γ′
wˆ(x, t, k)kj−1dk +
∫
Γ′
(µˆ(x, t, k)− I)wˆ(x, t, k)kj−1dk
= O(‖kj−1wˆ‖L1(Γ′)) +O(‖µˆ− I‖L2(Γ′)‖kj−1wˆ‖L2(Γ′))
= O(t−3/2), t→∞, j = 1, 2,
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uniformly in ζ ∈ [0, c0], where Γ′ := Γ(4) \ (X  ∪ ∂D(k0)). It follows that
the contribution to the integrals in (6.9) from Γ′ are O(t−3/2). Similarly, the
estimates (6.2) and (6.6) show that the contribution from X  to the right-hand
side of (6.9) is O(t−1 ln t) as t → ∞ for j = 1, 2. By (5.11), (6.2c), and (6.6),
the contribution from ∂D(k0) to the right-hand side of (6.9) is given by
− 1
2pii
∫
∂D(k0)
wˆ(x, t, k)kj−1dk − 1
2pii
∫
∂D(k0)
(µˆ(x, t, k)− I)wˆ(x, t, k)kj−1dk
= − 1
2pii
∫
∂D(k0)
(m(∞)(k)(mk0(k))−1 − I)kj−1dk
+O(‖µˆ− I‖L2(∂D(k0))‖kj−1wˆ‖L2(∂D(k0)))
= kj−10
Y (ζ, t, k0)m
X
1 (ζ)Y (ζ, t, k0)
−1
√
tψ(ζ, k0)
+O
(q
t
)
, t→∞, j = 1, 2.
Collecting the above contributions, it follows that
mˆj(x, t) = k
j−1
0
Y (ζ, t, k0)m
X
1 (ζ)Y (ζ, t, k0)
−1
√
tψ(ζ, k0)
+O
(
ln t
t
)
, j = 1, 2, (6.10)
as t→∞, uniformly with respect to ζ ∈ [0, c0].
7. Proof of the Main Result
Using the results from the Sections 4-6, we are now ready to prove Theorem
3.5.
7.1. The Solution of the Associated RH-problem. After having solved the
small norm RH problem (6.7), our next step is to show that we can revert the
transformations in Section 4 to obtain a solution of our original RH problem
(3.8). However, since some of the transformation matrices are singular at the
branch points, it is not clear that the corresponding RH problems are equivalent
in the setting of Smirnoff classes. This technical detail can be overcome by look-
ing at the combined transformation matrix, which as shown below is bounded
near the branch points.
Taking into account the transformations of Section 4 as well as (6.1), we find
that for ζ ∈ [0, c0] and t ≥ T a solution m of the RH problem (3.8) can be
formally constructed as
m = eitg∞σ3D(ζ,∞)−σ3mˆmappD(ζ, k)σ3H−14 H−12 e−i(tg(k)−kx−2k
2t)σ3 , (7.1)
where mˆ ∈ I + E˙2(C \ Γˆ) given by (6.8) is the solution of the RH problem (6.7).
Thus in order to show the existence of the RH problem (3.8), it suffices to show
that the right hand side of (7.1) solves the original RH problem (3.8) in the
setting of Smirnoff classes. The necessary theory is standard, see for instance
[21], in particular Theorem 5.12 therein. Since the result needed in our case
differs slightly from the one given in the literature we state it below for the
reader’s convenience.
Lemma 7.1. Let Σ be a piecewise smooth contour and let Σˆ = Σ ∪ γ denote
Σ with a lens through ∞ added as in Figure 11. Consider the 2× 2-matrix RH
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Σ Σˆ
γ
Figure 11. The contour Σ (left) and the contour Σˆ = Σ ∪ γ (right).
problem {
N ∈ I + E˙2(C \ Σ),
N+(k) = N−(k)VN(k) for a.e. k ∈ Σ,
(7.2)
where VN : Σ → GL(2,C) is a jump matrix defined on Σ and let u be a 2 × 2-
matrix valued function such that u − u(∞) ∈ (E˙2 ∩ E∞)(C \ Σˆ) and u−1 −
u(∞)−1 ∈ (E˙2∩E∞)(C\ Σˆ). Then m satisfies the RH problem (7.2) if and only
if the function mˆ defined by
Nˆ(k) = u(∞)−1N(k)u(k), k ∈ C \ Σˆ, (7.3)
satisfies the RH problem{
Nˆ ∈ I + E˙2(C \ Σˆ),
Nˆ+(k) = Nˆ−(k)vˆN(k) for a.e. k ∈ Σˆ,
(7.4)
with
vˆN =
{
u−1− vNu+, k ∈ Σ,
u−1− u+, k ∈ γ.
(7.5)
Proof. Suppose N ∈ I + E˙2(C \ Σ) satisfies the RH problem (7.2) and define
Nˆ(k) by (7.3) for k ∈ C \ Σˆ. We write
Nˆ − I = u(∞)−1(N − I)(u− u(∞)) + u(∞)−1(u− u(∞))
+ u(∞)−1(N − I)u(∞).
Since N − I ∈ E˙2(Cˆ \ Γˆ) and u− u(∞) ∈ (E˙2 ∩E∞)(Cˆ \ Γˆ), it follows that that
Nˆ ∈ I + E˙2(Cˆ \ Γˆ). For the jump matrix we compute
vˆ = mˆ−1− mˆ+ = u
−1
− m
−1
− u(∞)u(∞)−1m+u+ = u−1− vu+
along Γˆ (where we have put v = 1 on γ). Thus Nˆ satisfies the RH problem
determined by (Σˆ, vˆN). The converse statement follows similarly. 
According to Lemma 7.1, in order to verify that the right hand side of identity
(7.1) is indeed a solution of our original RH problem (3.8), we have to show that
the matrix
mappD(ζ, k)σ3H−14 H
−1
2 e
−i(tg(k)−kx−2k2t)σ3 −D(ζ,∞)σ3e−itg∞σ3 (7.6)
lies in (E˙2 ∩ E∞)(C \ Γˆ).
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The E˙2 condition is a consequence of the asymptotics at infinity. Note that
mapp − I, D(ζ, k)σ3 − D(ζ,∞)σ3 , H−14 − I and e−i(tg(k)−kx−2k2t)σ3 − e−itg∞σ3 all
lie in O(k−1) as k →∞. Thus the same holds for the matrix (7.6). From this it
follows that the transformation matrix lies in E˙2 (cf. Lemma 3.7 in [21]).
The boundedness of (7.6) away from the branch points is immediate. At the
branch points the only singular matrices are mapp, Dσ3 and H−14 , so it suffices
to show that mappDσ3H−14 is bounded near the branch points. We only study
the case k → E2, Im k > 0. The other cases follow similarly. Let Im k > 0. We
compute
mapp(k)Dσ3(k)H−14 (k)
=
1
2
(
(∆ + ∆−1)D ∆D−1(D2r2,ae−2itg − i) + ∆−1D−1(D2r2,ae−2itg + i)
i(∆−∆−1)D i∆D−1(D2r2,ae−2itg − i)− i∆−1D−1(D2r2,ae−2itg + i)
)
.
The asymptotics of ∆ and D near E2 (cf. Lemma 4.2) imply that the first
column of the previous matrix is bounded as k → E2. To study the second
column we have to go back to the construction of r2,a. Looking at the proof of
Lemma 4.3 it follows that the singular behaviour of r2,a = f0 + fa is given by f0.
In view of (i), we thus may compute the behavior of f0 near E2 using (3.6). It
follows that
r2,a(k) = f0(k) +O(1) =
i
2q2,1
1√
k − E2
+O(1) (7.7)
as k → E2, where the square root denotes the principal branch of the root with
a branch cut along (−∞, E2). Combined with the asymptotics of ∆ and D it
follows that the first summand in each entry of the second column is bounded
near E2. Finally, to show the boundedness of the remaining terms, it suffices to
show that D2(k)r2,a(k)e
−2itg(k) + i = O(|k − E2|1/2) as k → E2. Using g(k) =
O(|k−E2|1/2), statement (7.7), as well as the precise asymptotics of D near E2
provided by Lemma 4.2 (f), we find
D2(k)r2,a(k)e
−2itg(k) =
i
2q2,1
1√
k − E2
D2(k) +O(|k − E2|1/2)
=
√
E2 − k√
k − E2
+O(|k − E2|1/2)
= −i+O(|k − E2|1/2)
as k → E2.
7.2. Dressing Type Arguments. So far we have shown that the RH problem
(3.8) has a solution for each (x, t) ∈ S = {0 ≤ x
t
≤ c0} ∩ {t ≥ T} and that the
limit in (3.9) exists. The next step is to show that the the function u defined by
(3.9) is a solution of (1.1) and satisfies (3.11). Note that since the NLS equation
(1.1) is invariant under multiplication with a constant of absolute value 1, and
since |D(0,∞)| = 1 (cf. Lemma 4.2 (c)), we may ignore the factor −D(0,∞)2
in (3.9) while investigating if (3.9) is a solution of (1.1). The remainder of the
proof is however standard and will therefore be omitted. The main step in the
proof is to show that the solution m(x, t, k) of the RH problem (3.8) solves the
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Lax pair equations {
mx + ik[σ3,m] = Um,
mt + 2ik
2[σ3,m] = V m,
with
U =
(
0 u
u¯ 0
)
, V =
( −i|u|2 2ku+ iux
2ku¯− iu¯x i|u|2
)
, σ3 =
(
1 0
0 −1
)
,
and u being given by (3.9). For the details we refer to the proof of Theorem 7 in
[19]. Although [19] studies the mKdV equation, the corresponding proof can be
easily adapted to our situation. The only difference is that in [19] a vanishing
lemma is used which is missing in our situation. However, since we already
know that our RH problem (3.8) has a solution in the appropriate sector, the
arguments in [19] still apply.
7.3. Asymptotics of u. Taking into account the asymptotics of g, D, m(∞),
H4, and mˆ, the equations (3.9) and (7.1) yield
u(x, t) = −2iD(0,∞)2
∠
lim
k→∞
(km(x, t, k))12
= −2ie2itg∞(ζ)D(0,∞)2D(ζ,∞)−2 lim
k→∞
(mˆm(∞))
= e2itg∞(ζ)e−
1
pii
∫ κ+
k0
ln(1−|r(s)|2)
X(s)
ds(α− 2imˆ1,12(x, t)). (7.8)
Here we have used that D(0,∞)2D(ζ,∞)−2 = e− 1pii
∫ κ+
k0
ln(1−|r(s)|2)
X(s)
ds (cf. (4.7)).
Using (4.6), ω = −2(α2 + 2β2), and (6.10), we thus arrive at
u(x, t) = αe2iβx+itωe−
1
pii
∫ κ+
k0
ln(1−|r(s)|2)
X(s)
ds
− 2ie2iβx+itωe− 1pii
∫ κ+
k0
ln(1−|r(s)|2)
X(s)
ds
(
Y (ζ, t, k0)m
X
1 (ζ)Y (ζ, t, k0)
−1
√
tψ(ζ, k0)
)
12
+O
(
ln t
t
)
as t→∞. Inserting the definition of Y , mX1 and ψ (see (5.8), (5.12) and (5.6),
respectively) into the above identity, the first part of Theorem 3.5 (d) follows.
7.4. Asymptotics of ux. Similar to the previous section, formula (3.11) yields
ux(x, t) = −D(0,∞)2
∠
lim
k→∞
(
4k2m12(x, t, k) + 2iu(x, t)km22(x, t, k)
)
= 2e2iβx+itωe−
1
pii
∫ κ+
k0
ln(1−|r(s)|2)
X(s)
ds(iα(β − mˆ1,11(x, t) + mˆ1,22(x, t))
+ 2mˆ1,12(x, t)mˆ1,22(x, t)− 2mˆ2,12(x, t))
(7.9)
= 2iαβe2iβx+itωe−
1
pii
∫ κ+
k0
ln(1−|r(s)|2)
X(s)
ds
− 2e2iβx+itωe− 1pii
∫ κ+
k0
ln(1−|r(s)|2)
X(s)
ds(iαmˆ1,11(x, t)
− iαmˆ1,22(x, t) + 2mˆ2,12(x, t)) +O
(
1
t
)
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as t → ∞. As before, after substitution mˆ as well as the functions appearing
in mˆ into the above formula (see (6.10) as well as (5.8), (5.12) and (5.6)) the
desired asymptotics for ux as stated in Theorem 3.5 follow. This concludes the
proof of Theorem 3.5.
Remark 7.2 (Alternative Derivation of the Asymptotics of ux). Note that by
differentiating the expression (7.8) with respect to x, we get another expression
for ux and hence another way to calculate the asymptotics of ux. This alternative
way of calculating the asymptotics of ux leads also to a different formula of the
subleading coefficients ub. The new formula requires the asymptotics of
d
dx
mˆ1,12,
which can be obtained by differentiating (6.10) with respect to x. The only terms
of order O(t−1/2) stem from the case when the x-derivative is applied to the
oscillatory term e−itg(ζ,k0)σ3 appearing in Y . This leads to
ualtb (x, t) = 2e
2iβx+iωte−
1
pii
∫ κ+
k0
ln(1−|r(s)|2)
X(s)
ds
(
2β
Y (ζ, t, k0)m
X
1 (ζ)Y (ζ, t, k0)
−1
√
tψ(ζ, k0)
−X(k0)Y (ζ, t, k0)σ3m
X
1 (ζ)Y (ζ, t, k0)
−1
√
tψ(ζ, k0)
+X(k0)
Y (ζ, t, k0)m
X
1 (ζ)σ3Y (ζ, t, k0)
−1
√
tψ(ζ, k0)
)
12
.
It is straightforward (albeit tedious) to verify that ualtb = ub.
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